PHYS 501: Mathematical Physics I
Fall 2022

Solutions to Homework #4

1. (a) (i) Setting z = 1, we find

—-1/2

iPn(l)h” = (1-2h+1? = (1-h)"h
n=0

Application of the binomial theorem gives
o0
a-n= Yo
n=0

so P,(1) =1 for all n.
(ii) Setting z = 0, we have

S PRt = (148772
n=0

The binomial expansion of the expression on the right is

- —1)"1.3.5...2m — 1
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Thus Poy,+1(0) =0 (no odd powers of h) and
Py (o) ~ (CDMB5.Gm-1)  ()mEm-Dt  (—)"Em)!
am B 2mim) - omm| T 22m(p))2

(iii) Differentiating the generating function equation with respect to z gives

[e.e]
h(1-2:h4+02) 77 = S P,
n=0

inmh" = h(1-h) = h<1+3h+...+(3)'(4)7;'~(”2)
n=0 !
= i%(n+1)(n+2)h"+1
n=0
= i%mwﬂ)hm
m=1



Since Py(z) = 1, the result is true for m = 0 too.

(iv) Similarly,

SRR = h(L+h%)
n=0

— h—§h3—|—---+ (—3)(—5)(—2m—1)

2m+1
2 2] P

so Py, (0) =0 and

(—n™@2m+ D! (=1)™(2m+ 1)!
2mm! B 22m(m!)?2

Pymia(0) = = (2m + 1) Py (0).

(b) Using Stirling’s formula, as m — oo

(=D™(2m)!
22m(m!)2

(—1)™/dmxm (2m)?me—2m
22m (\/2mm mme_m)2

4mm

Py, (0) =

Q

(c) Since Py(z) = 1, the integral is fil Py(x)P,(x) dr = 26,0 by the orthogonality property
of the P,.

(d) We can use one of the recurrence relations to write

Pii(x) — Py (2)

Fula) = 2n +1 ’
I, = 1P dr = ! Pri1(1) — Pyyq (0 P,_1(1) — P,—1(0
= [ P = 5o P ()= Pua(0) = (Paa (1) = Par(0)
= 3P0 - P 0).

Thus the integral is zero for even n; for odd n = 2m + 1, using the result from part (a)(ii),
we find

o1 1 [(_l)m(Zm)! (_1)m+1(2m+2)!]

dm+3 | 22m(m))2 22 2[(m +1)!]2
(—1)™(2m)! 2m + 1

(dm + 3)227 (m])? {1 T m+ 1)}
(=1)™(2m)!

22m+tl(m + 1) (m!)2’




2. (a) The general solution to Laplace’s equation is

00 l
0(,0,0) = > > (cwmr' + B ™) V7 (0,0).

=0 m=—1
For r < b, the solution must satisfy the boundary condition that ® = &3 when r = a. Hence

[eS) l

S (ama' + Buna™ 1) ¥7(0,0) = @0 = VATYE(0,6)q

=0 m=-—1
(since VAm Y = 1). For equality to hold, it must do so for every (I,m) pair. Hence

ago+ Booa”t = Virdg
O‘lmal"i'ﬁlm a_l_l = 0,

SO

agp = VAr®y— Boga
Ay = _ﬁlm a_2l_1 (l 7& 07 m 7& 0)

(b) For r > b (replacing « and 3 inside by v and § outside) the boundary condition at infinity
implies 7, = 0.

(c¢) The solutions then are

(aumr" + B ™=1) Y7 (0,0) (r <),
l

NﬁMN

O(r,0,¢) =

M LM

O™ 1Y (60,0) (r > ).
-1

N
I
o

m

Continuity at » = b implies
O+ B b = G b7

for all I, m.

(d) Due to the surface charge on the shell, the radial component of the electric field —9®/0r
has a discontinuous jump at r = b, as described by Gauss’s Law:

_o® _ (9% _ o
or )y, or ),y e

If o is expressed as a spherical harmonic expansion
[e%S) l
U(ba 9’ qb) = Z Z Olm Yzm(e’ d))a
=0 m=-1

then, applying this condition term by term, we must have

(I+1) 0 b7 = [—z b+ U+ 1) B b7 = ”é—m
0



Note that the given expression for ¢ consists of just two modes (using the conventional
definitions of ¥} given in Riley & Hobson, p.340):

8
021 = — TSUO

09,1 = —1091.

We can now solve for oy, Bim, and d;,. Dropping the subscripts to avoid clutter, we have
two cases:

(i) For I = m = 0, we have

a+Bat = Vird,
a+pbt = sb!
sb2-862 = 2 — 0 here.
€0
The solutions are easily shown to be
a = 0
B =06 = Virad,.

(ii) For other [ and m, we have

a+ﬁa‘2l_1 =0
abl + o = sptt
I+1D)5b "2 Hlab ™t —(1+1)B0 172 = —.

€0
The solutions are
O.b—l+1
@ (2[ + 1)60
oblt2 an 2l+1
b= - (21 + 1)eg <6>
I+2 20+1
R R
(20 + 1)eg b
Putting together the pieces, the complete solution for r < a is
®(r,0,0) = Boor 'Yy +aoir® Yoy + Borr P Yoy + g 17?2 Yo 1 + Bo 17 2 Yo g
b 2 5(b\°
= @ (9) + 22 (f) - (9> 2 | sin26 cos 6.
r Y b b r

For r > b,
O(r,0,6) = Soor 'Yy + o173 Yoy + 89 173V 4

= @, (%) + gz(lj {1 — (2)5} (i)g sin 20 cos ¢.



3. (a) Inside the spherical cavity formed by the two hemispheres, the general solution of Laplace’s
equation is

o) l
o= Z Z (blmrflfl + clmrl> P/ (cos ) eme

=0 m=-1

where 7,60, ¢ are spherical polar coordinates and the line of contact between the hemispheres

is at § = 5. For ¢ to be regular at r = 0 we must have by, = 0; axial symmetry implies that

cim = 0 for m # 0. Thus the solution is of the form
o(r,0) = Z el Py(cosh).
1=0

The boundary condition at r = a is

+Vo, 0560 <3,

_ l _
gb(a,@)—;cla Pl(cosﬁ)—{ Vy, T<f<r

Inverting this Legendre series, we find
2 T
! 7 4 =
ad <2l + 1> /0 ¢(a,0)P(cosB)d(cos0)
0 1
B ”ﬂ/“ﬂwwﬂ+/mﬂwm4
0

-1

0 (I even)
1
2 [ AGdi (@ 0da)

Hence, for | = 2m + 1, we can evaluate the integral using the solution to problem 1(d), to
find

(1) (A 4 3)(2m)! /e 2m
o(r,0) =V Zo (22773+1((m —:_1))((m')2) ( )

m=

" Pyyy1(cosb).

(b) Now we are seeking a solution to the wave equation
1 0%®
2 ot?

with boundary conditions specified on the same hemispheres as in part (a), except that now
the boundary values are variable,

AV&L) =0,

O(t,r =a) = £Vpe ™,

and we want the solution for » > a.

As usual, we seek e ™! time dependence, so the spatial part x of the solution satisfies the
Helmholtz equation
Vx4 k*x =0,

with k = w/c. We require axisymmetry, so the general solution is

O(r,0,t) = e > " [Ayji(kr) + Biny(kr)] Pi(cos0),
l



where we must retain both the j; and the n; solutions for r > a. Since the asymptotic forms
are

Ji(x) ~ %cos [z —-Z(1+1)], ()~ ésm [z —-Z(1+1)],
(1)

as x — 00, the combination h; " = j; + in; clearly satisfies the “outgoing wave” condition as
r — oo and the solution takes the form

O(r,0,t) = et Z Clhl(l)(k:r) Py(cosb).
l

At r =a,
®(a,0,t) = et Z Cl ka ) Py(cos8) = +Voe ™t

and the solution is essentially the same as in part (a), with I = 2m + 1 and o' replaced with

hD (ka):
4m + 3

Iom41

Com1 By 1 (ka) = Vo

(again using the terminology of Problem 1d). The complete solution therefore is

(1)
: ™ (4 + 3)(@m)! WY, (kr)
o(r,0,t) wt pTEsY Pypyy1(cosf).
22 T+ D0m? 4D (ha

. We wish to evaluate
2
o= [ @ [ dry v e S o).

1/2
where ¢(r) = (2—33> e ?1/® 11y = |r; —1g|, and Z = 2 here. Expand the rj, term in

71'&0
spherical harmonics:

l

00 l
Z Z (01, 1) Y, (01, $2) 7;+1’

1=0 m=—

T12

where 7~ = min(ry,79) and r~ = max(ry,72), with 7 = |r|. Writing d®r = r2drdS?, the
angular (€ and s) integrals give zero except for [ = m = 0, and

/dQl YE]O(Hl’QSl)* = /dQ2 }/00(027¢2) = \/ﬂv

¢ = 1672€? ( ) /Tldﬁ/ 2dry e~2471/a0 =212 /a0 1
max(ry,72)

Splitting the 7o integral into two parts (0 < 7o < r; and 71 < ro < 00), we have

1625¢* [ 27 " 2 —27 > 27
¢ = 5 / dryry e 24m1/a0 / drorye” r2/a0 4y / dro roe2472/00
0 0

Qg 1

SO

After some algebra (or application of Maple), this yields the desired result

_ 57Z¢? _ 5e?
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